Abstract. Let h denote a positive harmonic function on the open unit ball B of Euclidean space R" (n > 2). This paper characterizes those subsets E of B for which sup£ H/h = supB H/h or inf£ H/h = infa H/h for all harmonic functions H belonging to a specified class. In this regard we consider the classes of positive harmonic functions, differences of positive harmonic functions, and harmonic functions with a one-sided quasi-boundedness condition. We also consider the closely related question of representing functions on the sphere dB as sums of Poisson kernels corresponding to points in E .
INTRODUCTION AND MAIN RESULTS
Let B(X, r) denote the open ball in R" with center X and positive radius r, and define B = B(0, 1), where O denotes the origin of R" . The Poisson kernelfor B with pole Y in dB isgivenby P(Y, X) = o~x(l-\X\2)\X-Y\-n , where an is the surface area of dB . For any h in the class ß?+ of all positive harmonic functions on B, let ph denote the corresponding measure on dB such that h(X) = ¡dBP(Y, X)dph(Y).
Let h 6 ß?+ . The main purpose of this paper is to establish necessary and sufficient conditions on a subset E of B for the equality sup£ H/h = supÄ H/h (or infs H/h -infB H/h) to hold for all harmonic functions H belonging to certain classes. It will be shown that what is required is that there is "enough of E" near every, or almost every (///,), Y in dB, depending on the class considered. More precisely, if E C B and 0 < p < 1, we define a set Ep = \JX&EB(X, p(l -\X\)), where \X\ denotes the Euclidean norm of X, and a (ii) F*(Y) = oo for some p in (0, 1) ; (iii) E*(Y) = oo for all p in (0,1).
Theorem A is essentially due to Beurling [2] when n = 2 and was established for higher dimensions by Dahlberg [6] . An alternative proof has been given by Sjögren [13] . A further equivalent condition, involving "separated sequences" of points in E, can also be found in the cited papers. We remark that, of course, the value of the infimum in (i) above is ¡Ih({Y}).
It is an interesting fact that the characterization of sets E which determine supß H/h is closely related to the representation of functions on the sphere dB in terms of Poisson kernels corresponding to points in E. Thus we also consider representations of positive continuous functions f on dB, and of functions / in Lx(ph), of the form f = YJhPi-,xk)" where {Xk} ç E .
Let SP%? denote the class of all subharmonic functions 5 on B such that s+ has a harmonic majorant on B , and let £? denote the subclass of harmonic members of 5?%?. Thus %? consists of the harmonic functions on B which can be written as Hi~H2, where Hi, H2 £ <%*+ . Also, let sf(f; X, r) denote the mean (when defined) of a function / over the ball B(X, r). Theorem 10], also working in the plane, established the equivalence of (i) and (iv) using a different approach, and asked [5, p. 432 ] if this could be extended to give a short proof of the Hayman-Lyons result. The proof of Theorem 1 (given in §3) answers their question affirmatively, as well as extending the contents of [12] to higher dimensions. The extra condition (ii) contains the statement "sup£ H/h = supa H/h for all H in ¿T and all h in <%"+," because of the mean value property of harmonic functions. We note that Essén [9] (n = 2) and Dudley-Ward [8] (n > 2 and more general domains) given proofs of the equivalence of (i), (iii), and (iv) independently of our work. Let <I> denote the class of all convex strictly increasing functions 4>: [0, oc) -> [0, oo) such that (f>(x)/x -> oo as x -> oo . (Doob [7] describes these as uniform integrability test functions. An example is the function (f>(x) -xp when p > 1 .)
Further, if h £ ß?+ , let S^^h^ denote the class of all subharmonic functions s on B such that h(f>(s+/h) has a harmonic majorant on B for some <j> in O. (We recall [10] that the convex increasing property of 0 ensures that h(f>(s+/h) is itself subharmonic on B.) As before, %h,<s> denotes the class comprising the harmonic members of ¿72?\ <j,. In particular, ^ $ contains all harmonic functions H on B such that H/h is bounded above. Theorem 2. Let E ç B and let h be a positive harmonic function on B with corresponding measure pf,. The following are equivalent:
for all s in J^^,,* and all k in (0, 1);
for almost every (ph) Y in dB.
We note that Theorem 2 (equivalence of (i) and (iv)) is a generalization of Theorem A. It is not hard to see that the value of the infimum in The converse of Corollary 1 is false in general, as can easily be seen by considering the case h = P(Z, •) for any Z in dB. However, more can be said when h = 1. Let a denote surface area measure on dB. A positive harmonic function on B is called quasi-bounded if it is the limit of an increasing sequence of bounded positive harmonic functions. Corollary 2 extends a recent result of Bonsall [4] , who showed in the case of the unit disc that (v) and (vi) are both equivalent to saying that sup£ \H\ = supB \H\ for all bounded harmonic functions H. The equivalence of (iv) and (v) when n = 2 is due to Walsh and Hayman (see [11] ).
Finally we add below a further equivalent condition to Theorem A. Theorems 1-3 are proved in § §3-5, and the two corollaries are deduced in §6.
Preliminary material
In this section we record several facts that will be used in the proofs of the main results. The first is simply a version of Harnack's inequality: if H £ ^+ and p £ (0, 1 ),then
The second is an estimate used by Beardon [1, Lemma 3.2] to prove an analogue of Harnack's inequality applicable to volume means of positive superharmonic functions. We give a proof here for the sake of completeness. In fact, u(X)>stf(u;X,r)>no-xr-"( u(X)dX Applying (3) to h and H, and using (4) and (5), we have 
in place of (5). We have now established (ii). Combining (12), (13), (14) Since Ph(D) > 0, it follows that infBH/h -0, as required. The proof of Theorem 2 is now complete. We now assume that Y is a limit point of E. Since E*(Y) < oo , there is no sequence of points in E which converges nontangentially to Y . It follows that Y is not a limit point of TY n Ep . Thus we can assume, without loss of generality, that TY n Ep -0 . Since X and e were arbitrary, we now have supB H = c, which proves (iii). License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
The mean value property of harmonic functions shows that (ii) (with h = 1) implies (i).

An argument of Bonsall and Walsh [5, Theorem 10 (ii)=>(i)] (originally stated for n = 2, but valid also in the present context) establishes that (i) implies (iv).
It remains to show that (iv) implies (iii). We fix Z in dB
